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Rosensweig’s (1979) analysis of the stability of gas-fluidized magnetically stabilized
fluidized beds (MSFBs) with voidage perturbations is modified to include terms de-
pendent on the fluid density. This allows the stability analysis to be applicable to liquid-
fluidized MSFBs, which have potential use in liquid chromatography. Results show that
in systems where the fluid density is not insignificant when compared to the solid-phase
density, the difference in density between the two phases should be used when normaliz-
ing the magnetization required to achieve stability. Comparisons between theory and
experiment show that although the present analysis improves on Rosensweig’s analysis,
it still does not give reliable, quantitative predictions of stability behavior. It is suggested
that for liquid-fluidized MSFBs, stability to particle velocity perturbations, rather than to
voidage perturbations, is more relevant to chromatographic applications wherein the
purpose of magnetic stabilization is to prevent particle mixing as opposed to preventing

the occurrence of bubbling and slugging observed in gas-fluidized beds.

introduction

In column chromatography, fluidized beds offer advan-
tages over packed beds in that they operate with axial pres-
sure drops that are virtually independent of superficial veloc-
ities and they can tolerate solids in the feedstream without
blocking. However, if more than a single separation stage is
required, then superficial velocities must be close to the min-
imum fluidization velocity to minimize axial mixing of bed
particles caused by voidage instabilities. Magnetic stabiliza-
tion can suppress solids phase mixing and thus extend the
range of useful operation to higher superficial velocities
(Rosensweig, 1979). The magnetically stabilized fluidized bed
(MSFB) has a further advantage for chromatographic appli-
cations in that when bed particles are withdrawn continu-
ously from the bottom of the column, the MSFB can be oper-
ated in a continuous, countercurrent mode due to the down-
ward plug flow of the solids phase through the column (Burns
et al., 1985).

Graves (1993) outlined several reasons why MSFB chro-
matography has not yet been widely adopted, the most signif-
icant being a lack of suitable magnetically susceptible chro-
matographic beads. Beads produced in individual laborato-
ries (Burns et al., 1985; Lochmiiller et al., 1987; Goetz et al.,
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1991), while possessing excellent fluidization and stabilization
characteristics, have various drawbacks that limit their indus-
trial use (Graves, 1993). Commercially available magnetic
beads are generally designed for mix-and-recover systems and
have too low a density with their very small sizes to be useful
in MSFBs (Graves, 1993). A poly-acrylamide-magnetite
(PAM) bead has recently been developed that shows a good
range of stability in an MSFB at superficial velocities similar
to those used in conventional high-performance liquid chro-
matography (HPLC) (Cocker, 1994), despite the material hav-
ing a much lower density (1,200 kg/m?) than the materials
used by workers just cited (>1,700 kg/m?>). Therefore, for a
bead to be used in an MSFB, it need net necessarily have a
high density.

It would be advantageous to be able to predict the stability
ranges of new resins when assessing their potential useful-
ness. Moreover, it would be useful to be able to predict ranges
of stability in liquid-fluidized MSFB systems from theory
rather than to rely solely on experimentally determined val-
ues, as this would enable an algorithm to be developed for
controlling magnetic field strength as a function of through-
put rate for a particular column and resin combination. Such
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Figure 1. Topology of the MSFB stability diagram
(Rosensweig, 1979).

an algorithm would, in turn, simplify the use of MSFB tech-
nology and thus overcome another of the barriers to its ac-
ceptance as a processing tool.

Rosensweig (1979) studied the magnetic stabilization of the
fluidized state of gas-fluidized beds. He showed a boundary
between stability and instability, with respect to voidage per-
turbations, in a plot of normalized superficial velocity against
normalized magnetization of the bed particles. The plot (Fig-
ure 1) contained three regions: the unfluidized bed; the stabi-
lized fluidized bed; and the unstabilized (“bubbling” flu-
idized bed. The topology of the plot was likened to that of a
physical chemical phase diagram, with the three regions be-
ing analagous to regions of solid, liquid, and vapor phases,
respectively. A “triple point”was identified where the bound-
ary between the stabilized and unstabilized regions joined
with the boundary between the flnidized and unfluidized re-
gions. Such a topology has been shown to occur experimen-
tally (Siegell, 1991).

Rosensweig considered only gas-fluidized MSFBs, so could
neglect fluid density in comparison with particle densities.
However, in liquid-fluidized MSFBs the fluid density cannot
be neglected, so the normalized magnetization term given by
Rosensweig is not applicable. Thus, Rosensweig’s analysis
does not show how solids densities that approach liquid phase
densities might affect magnetic stabilization. Rosensweig and
Ciprios (1991) studied liquid-fluidized MSFBs, but neglected
virtual mass and concentrated mainly on the case of fluidiza-
tion of nonmagnetic spheres with a magnetic ferrofluid, for
which they found reasonable agreement between theory and
experiment. However, this system is unlikely to be of signifi-
cant value to protein chromatography because of the sensitiv-
ity of proteins to their environment. Furthermore, they did
not develop a normalized magnetization term corresponding
to that of Rosensweig (1979). Intuitively, one might expect
the solids density term in Rosensweig’s analysis of the nor-
malized magnetization to be replaced by the difference in
density between solids and liquid phases, in which case stabil-
ity would require an increasing magnetic field strength with
decreasing density difference.

In the present article, Rosensweig’s analysis is extended to
include terms dependent on fluid density, and it is shown
that the normalized magnetization term should indeed con-
tain the difference between solids and fluid phase densities.
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A comparison between the resultant theory and experimen-
tally determined ranges of stable operation shows that the
theory still cannot be used to quantitatively predict magnetic
stabilization ranges.

Basic Relationships

Equations 1 to 4 are the same as those used by Anderson
and Jackson (1968) for analyzing the stability of conventional
fluidized beds, except a magnetic stress tensor term is added
in the particle equation of motion (Eq. 4). This is the ap-
proach used by Rosensweig (1979), except that here the terms
in fluid density in Eq. 3 are not neglected. The equations of
continuity are therefore, for the fluid phase,

Jde
— +V-(eu) =0, 48
at
and, for the particles,
d(1—¢€)
— +V((1-€)r)=0. @)

Jat

The equations of motion are, for the fluid,

du
pre [E +(u-V)u] =eV-E— f+epsg, 3)

and, for the particles,

d
(1- e)ps[a—l;+(v-V)v] =(1-e)V-E+f
+(1-e)p,g+V-ES+V-E™. (4)

From Maxwell’s equations, the magnetostatic field equations
are (Rosensweig, 1979),

curl H=0 )
divB=0 6)
B=M+p ,H @)

Constitutive Relationships

The constitutive relationships between f, E, E*, E™, and
M are as follows:

1. Fluid—particle interaction term:

d
f=eBle, M(u—p)+(1- E)C(e)pfz?? (u—v), (8

where C(¢) is a virtual mass coefficient to be defined later.
2. Fluid stress tensor:

V-E=~YVp. ©)
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3. Solids stress tensor:
V-E*=0. (10)
4. Magnetic stress tensor:
V-E"=f,=(M-V)H=MVH. (1)

The magnetic equation of state, as defined by Rosensweig
(1979), is

M~(1 )H
ﬂ—- — € E (12)

s

Two additional terms that will be required later for consider-
ation of the perturbation of the magnetization vector are the
chord susceptibility and the tangent susceptibility, given by
Egs. 13 and 14:

M
Chord susceptibility = x, = H“’ (13)
oM, ,
Tangent susceptibility = ¥ = (7{——) . as
H,

golution for Steady State with Uniform Magnetic
ield

The steady-state solution with a uniform magnetic field is
one in which the velocity of the particles is everywhere zero
and the voidage is constant. Under these circumstances

u=u,=iu,

v=v,=0

e=¢,

H=H,=i,H,

M=M,=i M,

B=B,=i,B,, (15)

where i is the unit vector in the upward direction, i, is a unit
vector in the direction of the applied field, and u,, €,, H,,
and M, are constants. Equations 15 satisfy the continuity and
magnetostatic field equations, Eqs. 1 and 2, identically, while
the fluid equation of motion equation, Eq. 3, reduces to

Vp, + B(e,)u,i=0. (16)

When Eq. 16 is combined with Eq. 3 of motion for the solids

to eliminate p,, the resuit is, recognizing that g = — gi and
grad H,=0,

Bouo_g(l—_ 6o)( P~ Pf)=0, (17)

where g, is the value of B(e) at € = €,. Equations 16 and 17

therefore show that the imposition of the magnetic field has

no effect on the steady-state solution.
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Stability of the Steady-State Solution

We now investigate the stability of the steady-state solu-
tion. The following perturbations are introduced to the
steady-state solution in the usual manner:

Uu=u,tuy=iu,+u
v=0,+0v,=v;
€=¢,+¢€
=P, + D
H=H +H =i H, +H,
M=M,+M,=i M,+ M,
B=B,+B,=i,B,+ B,. (18)
Introducing the perturbations into Eqgs. 1 to 4, neglecting sec-
ond-order terms in small quantities, and combining them with

Egs. 9, 10, 11 and the steady-state solution (Eq. 17), we ob-
tain from Eq. 1

o€y
—+ €V iu, +iu Ve, =0, )
at
from Eq. 2
(951 ; ,
——‘9‘t—+(l—€o)V'vl=0, 2"
and from Eq. 3
duy
Préo _:9? +(luo'v)u1 == €Vp— € Bu,i
—€,€; Bou,i— €, B,(uy, —vy)

d
—(1-¢,)C, Py (u,—v))+ (e, + €)prg, (3)

where B, and C,, are dp/oel._, ;. and dC/oel _, .., re-
spectively. Equation 3’ can be used to eliminate grad (p,) in
obtaining Eq. 4':

av, uy, .
(1‘— Eo)ps —0;_ = (1'— GD)pf 7 +(zuo-V)u1

€ B, (u;—vy)
+[1+—‘+el~+—1 ! ](l—eo)(ps—-pf)g
EO BO o
(1-¢,) d
+ Copf—‘;(ul—wlﬂ-(l—eo—el)(ps-—pf)g

(3
- ;l prg + M, V(H,i,). (&)

Taking the divergence of Eq. 4, we obtain a partial differen-
tial in the voidage perturbation €;. In obtaining this we sub-
stitute for div u, and div », from Eqgs. 1 and 2, and elimi-
nate B, using the steady state equation, Eq. 17
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(p,—py) de
€,U, Jat

€, €, at?

5 C,\[1—¢€, 3%, l-¢\ , 3%,
+lf2+ =2 u, py | —— + ulp—s
€, e, ) P\ arax € P 52

[(l—eo) B,
+

(1~¢,) C,prl d%
[Ps"' = pr + azf -+

(ps—pf)g_gp:—g(l_eo)(ps_pf)—

o o

(e, —1) | 9¢;
8

- — a(l— e, )M} V% =0, (19)

where

cos? 8

= , 20)
“ 1+(1—-¢,)(1—cos?8)x, + x (1~ €,)cos? @ (

where 8 is the angle between the applied field vector H, and
the wave vector number k. The angle between the direction
of the unperturbed flow and the wave vector is taken to
be zero to give the greatest sensitivity to instabilities
(Rosensweig, 1979). Dividing Eq. 19 by (p, — p;):

where the symbol denotes a vector amplitude or an ampli-
tude, i is the square root of —1, k is a wave vector number,
and x is a position vector. From these we find that

(7261 - .

-572_ = 5%, exp(st)exp(lkx)

ade, R .

— =54 exp (st) exp (ikx)
19251 2y 28 .
— =i k%, exp (st) exp (ikx)

oe; )

i iké; exp (st) exp (ikx)
0261 249

= = i%k%, exp (st) exp (ikx)
ax

V%, = i’k%, exp (st) exp (ikx). (23)

Finally, we substitute from Equations 23 for the differential
terms in Eq. 21 and multiply by €,/1— ¢,) to obtain the fol-
lowing quadratic in the complex frequency, s:

pf + € Ps + Co pf
(ps—p) (A—¢) (p,—pp)  €(1—¢) Cp—pp)

&
Msz,o pf

2 8 Pr & ,
]s +[(1_€0)u0 + (Ps‘Pf)uo(2+ . )lk]s
=0. (24

€

Ps + (1_ Ea) pf + Ca pf ‘9261
(ps_pf) €, (ps—pf) 63 (ps*pf) atz

de C,\ (1—¢,) %
I N ) 0 A i
€U, Jt €, & (p,—pp) atox

+{(1—eo) s 2} 3%, +[g (1-¢,)

+

u —_
€, (ps—_pf) ° ax2

60
80s B, pr (e,—1 ] e
-2 T2 (1-e)g+ —=
Cos=p) B, 8 Cps—pp) g, 8| ox
2
—a(l-¢,) —>—V% =0. (1)
Eo (ps_pf) El (

We now seek plane wave solutions to Eq. 21 in the form:

uy =i exp(st)exp (ikx)
v, = b, exp (st) exp (ikx)
€, = & exp (st) exp (ikx)
Py = Py exp (st) exp (ikx), (22)

1216

— 2 2 _
+[eoa(ps_pf) (PS—Pf)uo]'kl [(
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+ g il +e—'; ik
l—eo)g (-¢) (p,—pp) "B,,g

For Eq. 24 to hold, either €, is 0 or

As? + (P + ibQ)s +(f — Db? — ibPF) =0, (25)

where A=
€ Ps + Pr + c, Pr
(d-¢) Cp—p)  (p,—pp)  €,(1—¢,) (p,— o)
(26)
4
P= (1-e,)u, @n
C
Q- (2+ —3) B (28)
Eo ( Ps— pf)
Pr
D=—=5
F=(-¢,)
Ps € ﬂz; Py
-1 o,
x[ *(ps—pp((1—eo>)“”ao+(ps-p,>
(30)
b=u,k 31
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2
€,M;,

e yo P50 4o
o (Ps—Pf)k . 32

f

In accordance with Rosensweig (1979), the value of 8 is set
to zero in deriving Eqgs. 31 and 32 to give the solutions the
greatest sensitivity to instabilities. We now use the
Carman—Kozeny relation

K(1-¢,)
= (33)
from which we find
B, 2
BT i=e) Gy

as well as the superficial velocity @, = €,u,, to modify the
preceding expressions for P, F, and b to give

P 8% Q7
T (1-e)u, )
F=1-3+¢+ i €,+ il (1-¢,) 30)
oy~ pp) Cps—pp)
aﬂ
b=—k. (31)

€

We can now seek the roots of Eq. 24. These have the follow-
ing forms where the real roots are

P ~2P+¢1 (-
r=L —11\/[(1 z) +q2] +(1-2) (35)

and the imaginary roots are

P \/[(l—z)2+q2]w—-(l—z)
-1+

74 2 360
b\ Q* f
where Z=4A(F) IZ-,-F_D (37)
) 4AbF  2bQ )
=——
an 9=7p P

Magnetic stabilization occurs if { < 0 and neutral stability oc-
curs when ¢ = 0. Accordingly, for neutral stability:

—__ g2
z=74 (39)

or, substituting from Egs. 37 and 38 for z and ¢q into Eq. 39,
we obtain

12

or [AF*+QF + D] —f—J =1 for neutral stability.  (41)

The condition of neutral stability can be written

N,N, =1, (42)
(p, ~ pp)iis
where = _—:Aﬁf—o (43)
1
and NU=—:;[AF2+QF+D]. (44)
a ged
Therefore,

1
N,==[AF?+ QF + D1 +(1-¢,)R]. (45)

€

Using the Carman—Kozeny equation and the steady-state so-
lution in Eq. 17, we obtain

e (1-¢y
m a— Eo) 53 ’ “6

:ll !
()

where i1, is the superficial velocity at minimum fluidizing
conditions, where the voidage is merely equal to the “rest” or
“dumped” solids voidage ¢,,.

The normalized velocity can now be computed from Eq.
46, and for each value computed, the value of the normalized
magnetization is given by Eq. 47:

M, @
s — = N2, €9))
( Ps— pf) Uy, Uy,

Results and Discussion

The analysis shows that the proper term for normalized
magnetization for MSFBs in which the density of the fluid is
not vanishingly less than that of the solids phase includes the
density difference between solids and fluid phases. When the
fluid density is set to zero, the equations collapse to the
equivalent expressions in Rosensweig’s (1979) analysis. The
solution also approaches that of Rosensweig as the solids
phase density increases relative to the fluid density.

The effect of the solids phase density on the normalized
magnetization required for stability is shown in Figure 2 for
the case where fluid density is 1,000 kg/m3. As expected, sta-
bilization becomes exponentially more difficult as the solids
phase density approaches that of the fluid phase. A minimum
magnetization required for stability occurs in the range 1,600
to 1,900 kg/m>. Coincidentally, this is in the range of densi-
ties of rehydrated calcium alginate/magnetite (CAM) beads
(Cocker, 1994; Sacj et al., 1994).

Figure 3 shows a plot of normalized velocity against nor-
malized magnetization for CAM beads fluidized in water. The
value of the virtual mass coefficient is taken to be 0.5, the

f 2 value usually associated with a single spherical particle falling
2o [AF® +QF + D] (40) through a fluid. The theoretical stability curve underesti-
AIChE Journal May 1996 Vol. 42, No. 5 1217



mates stability, but lies quite close to the experimentally de-
termined values of Cocker (1994), particularly at the higher
superficial velocities. The theoretical stability curve is ex-
pected to be conservative in the absence of a solids stress
tensor and under the assumption that the disturbance wave is
oriented in the direction of flow. Also, the experimental tech-
nique used (Cocker, 1994) allowed observation of instabilities
only near the outer surfaces of the bed. Instabilities within
the bed itself would not have been noted.

The experimental data do not exhibit the so-called “triple
point” for either the CAM beads or the PAM beads (Figure
4). (Note that a log scale is used on the horizontal axis of
Figure 4 so that the theoretical curves are not obscured by
the scale.) Although the theoretical curve calculated from
Egs. 46 and 47 is closer to the experimental points than that
of Rosensweig (1979), there is still considerable difference
between predicted and observed values.

The very high value of the normalized magnetization re-
quired for stabilization of the PAM beads may be misleading
in that it may imply that PAM beads are considerably more
difficult to stabilize than CAM beads. In fact, the applied
magnetic field used to stabilize the PAM beads was of the
same magnitude as that used for the CAM beads (Cocker,
1994). The experimentally determined value of the normal-
ized magnetization is high due to the very low superficial ve-
locity required for minimum fluidization of the PAM beads
(3.5x107° mss). Equation 47, however, does not contain
terms directly dependent on the minimum fluidization veloc-
ity. The analysis is therefore insensitive to both particle size
and fluid viscosity, on which minimum fluidization is depend-
ent, and therefore the theory as it stands cannot be used to
quantitatively predict bed stability.

The question as to what constitutes stability in the liquid-
fluidized MSFB was recently brought to the author’s atten-
tion (Tien,1993). In gas-fluidized systems, bubbling and slug-
ging can be suppressed by magnetic stabilization. However,
bubbling and slugging are not normally observed in the lig-
uid-fluidized bed, and voidage remains essentially uniform on
the macroscopic scale (Richardson and Zaki, 1954). Does it
therefore make sense to carry out an analysis of stability with
respect to voidage perturbations of the uniform fluidized

10000 —(

10001 A

Normalized Magnetisation

1 v Y — y T
1000 1500 2000 2500 3000 3500 4000

Solids Density [kg/m3)

Figure 2. Magnetization required to achieve neutral sta-
bility as a function of solids phase density for
a water-fluidized bed; fluid density is 1,000
kg/m3.
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Figure 3. Stability diagram for CAM beads.

C(e)=0.5, e, = 0.42, p, = 1,800 kg/m>, § = 2.4x 10”7 Wb/A
m, pp= 1,000 kg/m>, Experimental values from Cocker
(1994).

state? Mixing of particles (particularly turbulent mixing) re-
quires that they be moving independently of one another, with
different velocities at different positions within the column.
Since voidage is dependent on velocity, there must also be
variations in voidage throughout the column if mixing is to
occur, so mixing and voidage instabilities are linked. How-
ever, we are not concerned here with the growth of voidage
instabilities, since in liquid-fluidized beds these instabilities
do not grow into discrete bubbles. The aim of magnetic stabi-
lization in MSFB chromatography is to prevent axial particle
mixing, so it may be more appropriate to examine the stabil-
ity of the uniform fluidized state with respect to solids phase
velocity perturbations. Unfortunately, no simple analytical so-
lution of the type demonstrated herein for voidage instabili-
ties seems to exist for particle velocity perturbations, since
the perturbed fluid equation of continuity (Eq. 1') cannot be
expressed entirely in terms of particle velocity. Homsy (1983)
surveyed some results in the theory of fluidization, including
the case of magnetic stabilization, and concluded that the
theory was in a primitive state relative to more established
areas of fluid mechanics and that solutions to (nontrivia})
nonlinear problems were yet to be developed. It is beyond
the scope of this article to examine this aspect in more detail,
but it may be worth pursuing in future work.
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Figure 4. Stability diagram for PAM beads.

Cle})=0.5, €;,=0.39, p, = 1,200 kg/m> § =8.5x1077 WbA
m, pg = 1,000 kg/m® Experimental values from Cocker
(1994).

Normalized Magnetization
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Conclusions

The MSFB stability analysis of Rosensweig (1979) has been
extended to include terms dependent on the fluid density.
The normalized magnetization, used in a stability diagram to
show a curve of neutral stability at given values of the nor-
malized superficial velocity, contains a term involving the dif-
ference in density between the solids and fluid phases, rather
than the solids phase density alone.

Comparisons of predicted values with experimentally de-
termined values for the magnetization required for neutral
stability show reasonable agreement for CAM beads but un-
acceptable differences for PAM beads. Although the values
predicted from this analysis lie closer to the experimental val-
ues than those predicted by Rosensweig, the theory still can-
not quantitatively predict actual stability behavior, at least for
the case of a solids phase density that is relatively close to the
fluid phase density.

Further work should be aimed at achieving a quantltatlvely
predictive model of stability for use in assessing new magneti-
cally susceptible chromatography resins and algorithms for
control of magnetic field strength in actual MSFB chro-
matography columns, with the focus on the growth of pertur-
bations from the steady-state solution for uniform fluidiza-
tion with respect to particle velocity rather than voidage.

Notation

B =magnetic induction vector, Wb/m?
B, =pertubation of magnetic induction vector, Wb/m?
C(e)=a virtual mass coefficient
C/ _‘9C/‘9€ [e &,t €
=fluid stress tensor, Pa
E‘ =solids stress tensor, Pa
E™ =magnetic stress tensor, Pa
f =particle-to-fluid drag force per unit volume, Pa/m
[f» =magnetic body force, Pa/m
£ =vector acceleration of gravity, m/s?
g= magmtude of the vector acceleration of gravity, m/s?
H = magnetic field vector, A/m
H = magnitude of magnetic field, A/m
H, =magnitude of magnetic field under steady-state uniform
conditions, A/m
perturbanon of magnetic field vector, A/m
K constant in Carman-Kozeny relation, Pa- s/m
M =vector magnetization of bed medium, Wb/m?
M =magnitude of magnetization for the bed medium, Wb/m?
M, =magnitude of magnetlzanon under steady-state uniform
conditions, Wb/m?
perturbatlon of vector magnetization of bed medium,
Wb/m?
M, = magnitude of magnetization for bed solids, Wb/m
M, , =magnitude of magnetization for the bed solids in the uni-
form bed, Wb/m?
p =pressure, Pa
p, =magnitude of pressure under steady-state uniform condi-
tions, Pa
p, =perturbation of pressure, Pa
t =time, §

u = fluid velocity vector, m/s
mf = superficial velocity of the fluid at the point of minimum
fluidization, m/s
u, =magnitude of fluid velocity under steady-state uniform
conditions, m/s
= perturbation of fluid velocity, m/s
v =particle velocity vector, m/s
= perturbation of particle velocity vector, m/s

Greek letters

B(e, M)=a drag coefficient for particle to fluid, Pa-s/m?
, =the value of B(e) at e = ¢,
Bo —(93/05[5 €, t €
€ =void fraction of bed
€, =magnitude of voidage under steady-state uniform condi-
tions
= perturbation of voidage
= fluid viscosity, N+s/m
i, =permeability of free space = 47 X10~7 Wb/A-m
p =fluid density, kg/m*
=particle density, kg/m>
Xo =chord susceptibility, Wb/A-m
X = differential susceptibility, the tangent to the curve in a plot
of M vs. H, Wb/A-m

[l
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